A comparison of conservative upwind difference schemes for the shallow water equations  by Glaister, P.
ELSEVIER 
An Intemabonal Journal 
Available online at www.sdencedirect,com computers & 
• c , . . c .  ~)o , . . cT .  mathematics 
with applications 
Computers and Mathematics with Applications 49 (2005) 1773-1786 
www elsevier com/locate/camwa 
A Comparison of Conservative Upwind 
Difference Schemes for the 
Shallow Water Equations 
P .  GLA ISTER 
Department of Mathematms 
P.O. Box 220, Umverslty of Reading 
Reading, RG6 6AX, U.K. 
(Recezved and accepted October 2004) 
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1. INTRODUCTION 
In a recent paper [1], a numerical upwind scheme for the one-dimensional shallow water equations, 
which is based on a flux balance distribution method, was considered. The scheme was related 
to existing schemes and an alternative conservative linearisation was also presented, although 
no numerical results were presented. In this paper, we present a numerical comparison of these 
schemes when applied to a classical dam-break problem, including the effect of treating part of 
the flux balance as a source term. 
2. THE GOVERNING EQUATIONS 
The unsteady one-dimensional shallow water equations governing the motion of free-surface 
flows in a rectangular channel can be written in conservation form as 
-~, + L ,  = -~, (2.1) 
where 
= (¢, CU) T 
are the conserved variables, and the flux function 
(2.2) 
(2.3) 
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The quantities ¢ = ¢(x, t) = g x depth of fluid, where g is the acceleration due to gravity, and 
u = u(x, t) denotes the velocity of the fluid, at some point x and at time t. The source term s 
comprises terms incorporating the effects of friction, for which various forms are available, and 
the bed-slope. This source term is treated identically for each of the schemes considered here, in 
contrast to the term f-x' which is not. For future reference, the quasi-linear form of equation (2.1) 
is given by 
u_t + Au x = _s, (2.4) 
where the Jacobian of the flux function f is given by 
( 0 ,) /,,> 
A=f_~_= ¢_u2  2u " 
3. CONSERVATIVE  L INEARISAT ION 
The numerical schemes in [1] are based on a conservative linearisation approach which can be 
described, briefly, as follows. 
For a given cell C in the numerical grid, with a flux balance 
~--= -/o fzdx = - ~jLR = - (f  (u-R) - -f (uL)) = -A f ,  (3.1) 
denoting the change in flux balance across the boundaries of the cell, then a numerical approxi- 
mation to _~ can be defined by 
: -Ax]~ : -AxA_~, (3.2) 
where Ax is the cell length and ~ indicates a discretised quantity. Having determined the precise 
form for _~, the distribution of the flux balance to the nodes at either end of the cell is then made 
using upwinding. Conservation requires that the overall contribution to the nodes depends only 
on the boundary conditions. Thus, for a linearisation represented by (3.2) to be conservative, 
the sum over the computational domain of the _~ should reduce to boundary conditions alone. 
It follows from (3.1) that a hnearisation is conservative if (~ = (I) for each cell, and the resulting 
scheme is conservative provided all of the discrete flux balance is distributed to the nodes of the 
grid. We now summarise the schemes in [1]. 
4. NUMERICAL  SCHEMES 
Simple linearisations of the shallow water equations can be achieved by seeking discrete flux 
Jacobians .4 in (3.2) which allows ~ to be easily decomposed into components and then an 
application of the upwinding technique. By evaluating the Jacobian consistently from some 
average cell state i ,  so that 
= f_~_ (Z) = A (z_-), (4.1) 
for some parameter vector 
z = (4.2) 
which is assumed to vary linearly in space within each cell, then an important consequence is 
that z~ is locally constant and so the conservative flux balance can be written as 
A conservative linearisation is then given by 
(4.4) 
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where the corresponding discrete gradient (evaluated under the assumption of linearly varying z) 
is given by 
~ _ z__ n - _ Z L  _ A_z  (4 .5 )  
- Ax Ax 
It follows that the discrete gradient of the conservative variables can be written as 
~_~ = ~ u:: dx = ~ uz_z_:: dx = ~ u_~dx ~_~, (4.6) 
and thus, from (4.4) and (4.6), the discrete conservative flux balance is given by 
= ~z = -Ax  dx uz_dx ~.  (4.7) 
Thus, the discrete conservative flux balance (3.2) is given by (4.7) in which ~x = uZz and )1 
A = A~_ = dx u~dx (4.8) 
Scheme 1 
The first scheme is based on the parameter vector 
z = V'~(1, u)T, (4.9) 
and using the overbar • to indicate the consistent evaluation of a quantity solely derived from 
the cell-average state given by 
1 
z = ~ (zL + zR) (4.10) 
has (0  :) 
~& = A (Z) + 1 (4.11) - ~ (A¢1/~)~ 
(see [1] for a derivation of this). The flux balance in (4.7) can then be written as ( (0, :)) 
~z=- -Ax  A(=2)+ 1 gx -~+qz '  (4.12) -._ (A¢,/2)2 =-~ _._ 
where that part of the flux balance 
~_~ = -AxA (~) ~ (4.13) 
is handled in the usual upwinding sense, and the term (0  0) ( 0 ) 
q_~_=-Ax 1 _~= (A¢1/2) 2 0 -- A¢  (A¢I /2)  2 (4.14) 
is treated as a {source } which is expected to be negligible in smooth flows, but to have an effect 
at discontinuities. The gradient gx in (4.13) is projected onto the local eigenvectors of A(Z), for 
which the eigenvalues and eigenvectors are 
~,, (z) = - '~u~ + w~'R  ± 1 (v,-~£ + V~)  = ,~ +,~, (4.1~a,b) 
V~--£ + V~ 
T 
_e,(-_z) = (1,'5:J::~) , (4.16a,b) 
where 
,; = v'~-T ~,:, + v"~uR (4.17a) 
V"~£ + V '~ ' 
¢=g 
representing approximations to the continuous values 
T [ 
A, = u")- _e, = {l,u-+ X/C} (4.18a-d) 
\ ] 
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Scheme 2 
An alternative to the separate treatment of the terms in (4.13) and (4.14) in Scheme 1 ~s not 
to decompose matrix J~_ but to upwind the total flux balance ~)_~_ in (4.12). This gives rise to the 
flux balance 
~ = -j._A_u = -Axj.=_~x, (4.19) 
where the gradient _~x is given by 
Au 
~-~ = ~xx' (4.20) 
This flux balance is distributed according to the upwind philosophy, and thus the eigenvalues 
and eigenvectors of Az_ are required, which are 
where 
and ~5 is given by (4.17a). 
( A~ = ~ ± ¢, e~ = 1, ~ + , (4.21a-d) 
¢ = V/~= I~(¢~ +¢R) (4.22) 
Scheme 3 
This scheme is constructed in a similar way to Scheme I but where the parameter vector in (4.9) 
is replaced by 
z = (¢ ,~)T,  
and the corresponding matrix to (4.11) is given by ( o 
A~ = A (g) + 1 2 
- ~(~)  - z~¢Au 
0) 
ACAu 
6~ 
(see [1] for a derivation of this). The flux balance in (4.7) can then be written as ( ( 0 
ff)z-----Ax A(___)+ 1 2 --- ~(Au) - z~¢~ 
where that part of the flux balance 
o)) _ 
ACAu ~_~ = ~)_~ + q_~_, 
6~ 
(4.23) 
(4.24) 
(4.25) 
and ¢ is given by (4.22). 
1 
= -~(UL ÷ UR), (4.29) 
where 
is handled in the upwinding sense as in Scheme 1, and the term (1 0 0) (0 / 
= ACAu _~ = _ A¢  (A~) 2 (4.27) 
q_~_ -Z~x (~u)  2 - ACAu 6~ 
is again treated as a 'source' and expected to be negligible in smooth flows, but to have an effect 
at discontinuities. The gradient _~ in (4.26) is projected onto the local eigenvectors of A(Z), for 
which the eigenvalues and eigenvectors are now 
~,(z)=~±i~, ~_,(~_)= (1,~±~)T, (42Sa-d) 
~_~_ = -AxA (_) _~ (4.26) 
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Scheme 4 
As for Schemes 1 and 2, an alternative to the separate treatment of the terms in (4.25) is not 
to decompose matrix -4z_ in (4.24) but to upwind the total flux balance (~--z_ in (4.25). This gives 
rise to the flux balance as in (4.19) where the gradient -~z is given by (4.20). This flux balance is 
again distributed according to the upwind philosophy, and thus the eigenvalues and eigenvectors 
of .~_ are required, which are 
A~ = ~ 4- ¢, _e~ = (1, ~ ± , (4.30a-d) 
¢=i¢+l (Au)  2, (4.31) 
where ¢, ~ are given in (4.22) and (4.29), respectively. 
Summary 
Summarising, Scheme i is based on a conservative linearisation, as described in Section 3, using 
a particular parameter vector and for which one part of the flux is handled using upwinding and 
the other treated as a source. Scheme 2 corresponds to Scheme 1 in which the whole of the flux 
is handled using upwinding and without a source. Schemes 3 and 4 are similarly related but 
Scheme 3 is based on a different parameter vector to that in Scheme 1. Also, Schemes 1 and 2 
are based on square-root averaging and Schemes 3 and 4 are based on arithmetic averaging. 
5. TEST  PROBLEM 
Consider a wide, frictionless channel whose bottom surface is flat, and a barrier placed across 
its width. The water on one side of the barrier is at a different height to that on the other. At 
time t = 0 the barrier is removed and the resulting flow consists of a bore travelling downstream 
and a depression wave travelling upstream. To treat this problem numerically, consider a fixed 
region 0 < x < 1 with a barrier at x = 0.5 ,  and denote the upstream water height by ¢1 and 
the downstream height by ¢0- The governing equations are given by equation (2.1) with s = 0. 
The assumption of zero friction is made so that the numerical solution can be compared with 
the exact solution, and the ratio ¢1/¢0 determines whether the flow downstream of the barrier is 
subcritical or supercritical. For large values of the ratio ¢1/¢0 the flow downstream of the barrier 
becomes upercrltlcal and can be difficult to capture. 
6. NUMERICAL  RESULTS 
Various ratios of ¢1/¢0 are taken in order to include both subcritical and supercritical f ows. 
The numerical results, together with the exact solution [2], for the velocity u are shown in 
Figures 1-16. Figures 1-4 represent the cases ¢1/¢0 = 2, 10, 50, and 250, respectively, using 
Scheme 1, where ¢1 -- 1 and 100 mesh points have been used. Figures 5-8, 9-12, and 13-16 show 
the corresponding results using Schemes 2, 3, and 4, respectively. All figures are at t = 0 • 25 
using 50 time steps and are computed using the superbee iimiter [3]. In all cases we see that the 
bore has been captured well and, although not identical, the results for a given ratio ¢1/¢0 are 
comparable across all four schemes, both quahtatively and quantitatively, including the severe 
case when ¢1/¢0 = 250. Similar comparisons can be made for the solution ¢, but the numerical 
results have not been included in the interests of space. 
7. CONCLUSIONS 
All four schemes produce good results for the dam-break problem, over a range of initial 
conditions, particularly the capture of the bore. Further, these comparable results are achieved 
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Scheme 1: plot of ufor height ratio of 10 with 100 cells 
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Scheme 1: plot of ufor height ratio of 50 w~th 100 cells 
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Scheme 1: plot of u for height ratio of 250 with 100 ceils 
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Scheme 2: plot of ufor height ratio of 2 with 100 cells 
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Scheme 2: plot of ufor height ratio of 10 with 100 ceils 
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Scheme 2: plot of ufor height ratio of 250 with 100 cells 
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Scheme 3: plot of ufor height rabo of 2 with 100 cells 
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Scheme 3: plot of ulor height ratio of 10 with 100 cells 
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Scheme 3 plot of ufor height ratio of 50 w,th 100 cells 
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Scheme 3: plot of u for height ratio of 250 with 100 cells 
r r r r r T T 
1783 
1.2 
I 0 numerical 
- -  exact 
0.8 
" 0.6 
0.4 
0.2 
0.2 
0.1 0.2 0 3 0 4 0.5 0.6 0 7 
x 
Figure 12. 
08 0.9 1 
1784 
0.35, 
0.3 
0.25 
0.2 
0.15 
0.1 
0.05 
0 
0.8 
0.7 
0.6 
0.5 
" 0.4 
0.3 
0.2 
0.1 
P GLAISTER 
Scheme 4: plot of ufor height ratio of 2 with 100 cells 
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Scheme 4: plot of ufor height ratio of 10 with 100 cells 
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Scheme 4: plot of ufor height ratio f 50 with 100 cells 
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regardless of whether the flux balance is upwinded, or separated into one part which is upwinded 
and the remainder which is treated as a source. This also demonstrates that treating part of 
the flux balance as a source has no effect on the quality or accuracy of the solution, with similar 
remarks in respect of square-root versus arithmetic averaging. 
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